
let IF g- =❤f, THEN FROM THE FUNDAMENTAL THEOREM OF CALCULUS

IF WE INTEGRATE g- ALONG A CURVE C with START POINT Io AND
END POINT I, WE GET

Se g.dk = So If.dz

= f CK)-f (Eo)

REARRANGING,
Fez) = f (1a) + fcg.dk.

WE WANT TO CHOOSE A GOOD Io AND

f- (ko) PLAYS THE ROLE OF AN INTEGRATION
CONSTANT.

PARAMETRIGED CURVE

F
FOR OUR PROBLEM, I. E. FOR

g- (1) = I

111 ,

FOR THIS PROBLEM , IT REALLY HELPS TO GUESS WHAT THE

SOLUTION IS USING OTHER METHODS BEFORE DOING THE CALCULATION.

IN THIS CASE, YOU MIGHT RECOGNISE g- (K) AS THE UNIT VECTOR

POINTING IN THE Z DIRECTION, WHICH IS THE GRADIENT OF THE

DISTANCE FUNCTION, fCK7= 121.

WE SET 20=0 AND THE CONSTANT OF INTEGRATION fC1ol=O.

ALSO LET P BE THE STRAIGHT LINE CURVE FROM Q TO K. THEN

I (E) = tz, # (E) = I

f(E) = fg.de
C

= f: toe
Itz/ 'Idt

= tk.se It
So ← in

t's CANCEL

= S: :#at
= 121

4 c) TOTAL ARCLENGTH 1- = f,

WHERE ECH= -Sintcost
1

so pct)-pctl= sinitt cost + I

= 2

so L- J" Idt

= 252 9

WHILE fcfds= ft: 2- Lt) ¥ It

= f:" t J2 de

= I [It]?

= 252 ²

ICH. ICE) It

WITH LECH = JECH. ICH

5 d) INTEGRATE fen, y) = cos (½ %¥y),

R IS THE TRIANGLE WITH VERTICES (0, 0), (TO) AND (e, T),

SKETCH OF R:

T

Y

COORDINATE CHANGE: u= sexy, if y-K

INVERT: ✗ = ½ (U-V)

y= ECUTH

"E- (÷:)-
* : "÷± ±

JACOBIAN DETERMINANT: J =

R: THE U-AXIS IS THE LINE 11=0,REPARAMETRISE

y

^

G

This IS A LINEAR CHANGE
OF COORDINATES,

()(5H E) (I)

⇔ hey,

3

T
n

U

AND AXIS POINTS UP, SINCE AS y INCREASES, U INCREASES.

SIMILARLY, THE V-AXIS IS THE LINE y=-N, POINTING

UPWARDS.

THEN THE INTEGRAL IS OVER THE RANGE

AND THE RANGE OF ✓ DEPENDS ON U AS

OEUE I

- UEVEU.

FINALLY, WE EVALUATE THE INTEGRAL

at = -½.

ffrfcn.gs dudy = f"u= o f fcu.us

u
= {f"

=# " f"

Z
u =-U

OF SIDE LENGTH 1:
u

at/ ¥, %;)/dude
du

cos (E ÷) dudu
4=0 Sven

4=0 ✓ =-n

as (½ E) dudu AS cos C- n)-cosk)

=#i. [⅔ sin (EE)]: du

= f: ¥ sin (E) du

= f: 2¥ du

= [* it]:

= 9.

810) USE GREEN'S THEOREM TO INTEGRATE

C, ORIENTED ANTI- CLOCKWISE.
I AROUND THE CLOSED CUE

Eca, yo = Cary, x³). =: (Penny), CNY))

(Iii), Ci,-17, C- 1,-1) , 4,-1).

, AROUND The SQUARE

curl E = Fe-%,

¾"-Egny

= 3m²-x²
= 222

THEN

£ E.de = fr cure)dA

=

C w/ VERTICES

15PLANAR CURL OF EThe

SKETCH C:

RISITS INTERIOR, BOUNDED BY

x & y. in This CASE THE BOUNDS OF

x AND Y ARE INDEPENDENT,

VENE

- 1 EYE/.

THEN

I, aE) + = / a'= -i fyI=., 2m² dudy

= f 2m² da
✗ =-I

dy (WE CAN SEPARATE THE INTEGRALS
f) =, ONLY BECAUSE THE BOUNDS OF

a dg ARE INFDEPENDENT

= [⅔"]: [a]!,

43×2

= ⅔.

=

WE CAN ALSO CALCULATE EE.de DIRECTLY:

§, E.dk = So. "Sisco" Sc. E.dk

" -set die + f? r dy + fi-re

C,

✓

⅔

^ 64

= f
l

12. LET 4 (x, y, z) = x²e] sinz

AND E THE VECTOR FIELD Ecr, y, z) =

(

COMPUTE (i) 74,
(ii) 724

(iii) 7. E
(iv) PXE

JO:*

2xeY sinz
x²eYsinz
meet cost

(i) 74 =

=

(ii) 724 = 7. 74

234 + 254+224

= 209 sinz + need sinz -see] sinz

= Zed sinz.

7. F = def, t dyfzt.dz Fz

= 0 + 22 + 1

= 22+1.

(iii)

(Iv) ME = du
dy
dz

✗

F,

¥

dyfy - def,
dzF, - defz
defz-dyF,

=

= (cosy - ◦ )
Zay + Zsing

0
cosy

2 my + Zsing

16.a) CALCULATE THE TRIPLE INTEGRAL OF fla.y.tl-Z (f:/R³→1R)

OVER THE TETRAHEDRON

E = {(n.y.de#/OEuEyEEE13.NB!OEnEYEZEl 

IS DIFFERENT TO oeniy.EE/.

THE SECOND ONE MEANS EACH Of my,7 RANGE OVER 10,1], AND GNET

A CUBE

K

THE QUESTION ASKS FOR A REGION WHERE R IS BOUNDED BY Y, WHICH

IS ITSELF BOUNDED BY Z:

7

y
l

n

y

1
THIS IS A TRIANGLE- BASED PYRAMID,

I. E. A TETRAHEDRON

At

I= fff, far

= fffe zdV

QUESTION GIVES BOUNDS OF INTEGRATION: OEZE)

◦ EYEZ

Oeney.

Z-INTEGRAL, Y-INTEGRAL, THEN N-INTEGRAL,so LEFT-TO-RIGHT , MUST DOFROM

⇐ I
7=0 4=0

Z

K=O

y
Z du dy dz

PULL OUT Z AS IT IS INDES OF x, y,

7=0
ft

4=0
z x]: dydz

I

7=0
2ft ydy.dz

+ [£577 de
yo

y=o

=
7=0

I 7=0
zx£z² dz

= £ {z³ dz

[£").
=

= £,


